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Abstract. In this paper, we study the developable TN, TB, and N B-Smarandache 
ruled surface with a pointwise 1-type Gauss map. In particular, we obtain that every 
developable T N-Smarandache ruled surface has constant mean curvature, and every de- 
velopable TB-Smarandache ruled surface is minimal if and only if the curve is a plane 
curve with non-zero curvature or a helix, and every developable N B-Smarandache ruled 
surface is always plane. We also provide some examples. 
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1. Introduction 


The fundamental theory of curves, their characterization, and the corresponding 
relations between the curves are very interesting and important topics in diffcren- 
tial geometry. Bertrand curves, Mannheim curves, involute-evolute curves, etc. are 
some of the most famous examples of such types of curves; please see [20, 21] and 
references therein. Moreover, one of the most fascinating examples of such innova- 
tive curves are the Smarandache curves, which were first introduced in Minkowski 
space-time by authors in [22] and play an important role in Smarandache geometry. 
Received May 04, 2023, accepted: September 04, 2023 
Communicated by Uday Chand De 
Corresponding Author: Ram Shankar Gupta (ramshankar.guptaQ@gmail.com) 

2010 Mathematics Subject Classification. Primary 53C40; Secondary 53A25 


© 2023 By UNIVERSITY OF NIS. SERBIA | CREATIVE COMMONS LICENSE: CC BY-NC-ND 

*The first author is grateful to the University Grant Commission (UGC), Govt. of India, for provid- 
ing a Senior Research Fellowship (UGC-SRF) with ID: JUNE18-413857. The authors appreciate 
the reviewers’ helpful suggestions for improving the manuscript. 


742 S. Tamta and R. S. Gupta 


A Smarandache curve is a regular curve whose position vector is composed of the 
Frenet frame vectors of another regular curve. They are the objects of Smarandache 
geometry, ie., a geometry that has at least one Smarandachely denied axiom [3]. 
An axiom is said to be smarandachely denied if it behaves in at least two different 
ways within the same space. Smarandache geometry plays a powerful role in the 
theory of relativity and parallel universes. Apart from the Frenet frame, many ge- 
ometers studied Smarandache curves by taking different frames such as the Bishop 
frame, Darboux frame, etc. [2, 6, 7, 19, 22] and references therein. 


In surface theory, a parametrized surface 
(1.1) X(s,v) =7(s)+vu(s), sel, veR, 


is called the ruled surface generated by a one-parameter family of lines {7(s), w(s)}, 
where +(s) is called a directrix of the surface X(s,v) and the vector w(s) defines 
the ruling direction [14]. 

Ruled surfaces have a variety of applications, including CAD/CAGD, architec- 
tural design, kinematics, wire electric discharge machining (EDM), and NC milling 
with a cylindrical cutter [17, 23]. In addition, ruled surfaces are widely used in me- 
chanical industries, robotic designs, and architecture for functional and fascinating 
constructions. 


Minimal and developable surfaces are two of the most essential types of surfaces. 
A surface is minimal if it has zero mean curvature. Plane, catenoid. and helicoid are 
examples of a minimal surface [5]. The ruled surfaces that can be transformed into 
a plane without any deformation or distortion with vanishing Gaussian curvature 
are called developable surfaces. Cylinders, cones, and tangent surfaces are examples 
of developable surfaces [1]. 

In 2021, Ourab [16] defined a Smarandache ruled surfaces whose directrix are 
TN, TB, and NB-Smarandache curves derived from Frenet vectors of the curve 
in E*, and studied the geometric properties of such surfaces based on the mean 
curvature and Gaussian curvature. Recently, in 2022, Senyurt [18] introduced some 
new special ruled surfaces with a directrix as the TN B-Smarandache curve and 
studied their geometric properties such as mean curvature and Gaussian curvature 
in E°, 

On the other hand, the study of finite-type submanifolds in Euclidean spaces 
was initiated by Chen in the 1970s [11, 8]. Later, Chen and Piccini [9] introduced 
and studied submanifolds whose Gauss map G satisfies 


(1.2) AG = (6+), 


where A is a real number and C is a constant vector. In addition, a submanifold 
satisfying (1.2) is said to have a 1-type Gauss map. The study of submanifolds 
satisfying (1.2) were continued by many geometers [4, 8, 9]. 

In 2000, Kim and Yoon [15] generalized (1.2) as 


(1.3) AG = fG, 
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where f is a smooth function. In addition, a submanifold satisfying (1.3) is said to 
have a pointwise 1-type Gauss map. The authors in [15] applied (1.3) to study ruled 
surfaces in a three-dimensional Minkowski space and classified them completely. In 
2001, Choi and Kim [12] investigated ruled surfaces with (1.3) in E?. They proved 
that such surfaces are the open portions of the plane, the circular cylinder. and the 
minimal helicoid. 

Furthermore, the generalization of (1.3) was given by Chen et al. [10] in 2005 
as 


(1.4) AG =f(G+C), 


for a smooth function f and a constant vector C is called a pointwise 1-type Gauss 
map of the first kind if the vector C in (1.4) is a zero vector; otherwise. it is said 
to be of the second kind. In 2010, Choi et al. [13] classified ruled surfaces in a 3- 
dimensional Euclidean space satisfying (1.4). There are several surfaces that satisfy 
(1.4), including planes. cylinders, right cones, and catenoids. 


Remark 1.1. The Gauss map G of a plane in E? is a constant vector and AG = 0. For 
f = 0. if we state AG = 0.G, then M satisfies (1.4) of the first kind. If we select a non-zero 
smooth function f and C = —G, then (1.4) holds and M is of the second kind. Hence, a 
plane in E? is a trivial surface with (1.4) of the first or second kind. 


In view of the above, we study Smarandache ruled surface satisfying (1.4) in E°. 
The paper is structured as follows: In section 2, we quote some basic notations on 
surfaces in E* that are relevant to the rest of the paper. In section 3. we obtain the 
condition for the developable TN-Smarandache ruled surface satisfying (1.4) in E%. 
Section 4 is devoted to the study of developable TB—Smarandache ruled surface 
with (1.4) in E®. In Section 5, we study the developable N B-Smarandache ruled 
surface satisfying (1.4) in E?. In Section 6, we present the conclusions of our study. 
In Section 7, we provide some examples. 


2. Preliminary 


Let a = a(s) be a regular unit-speed curve in E* where ‘s’ measures its arc 
length, and the triplet (T, N, B) be the Frenet frame of a curve a(s). Then, the 
Frenet-Serret formula of the curve a(s) is given as [14] 


y" 0 k 0 Ee 
(2.1) ne l=! -k 0 7 )[ wn 
B' 0 -7r 0 B 


where k(s) and r(s) are curvature and torsion of a, respectively. 


In [2), authors defined the Smarandache curve according to the triplet (T. N, B) 
of the curve a = a(s) as: 


(2.2) By(s*(s)) = = (7(s) + N(s)), 
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*if' — 1 ' ' 
(2.3) 8a(5"(s)) = =e (T(s) + B®), 
and 
2.4) Bals"(s)) = (NW) + BW), 


and 1, 32, and $3 are called TN-Smarandache curves, TB-Smarandache curves, 
and NB-Smarandache curves, respectively. 


In [16], Ouarab introduced the Smarandache ruled surfaces whose directrix are 
(2.2), (2.3), and (2.4) in E3, and defined as: 


Definition 2.1. Let a = a(s) be a regular unit-speed curve and denote (T(s), 
N(s), B(s)) as the Frenct frame of a in E?. Then 


(2.5) a(3,0) = 33 (70) “+ N(s)) + vB(s), 
(2.6) oo (re) + B(s)) +0N(s), 
and 

2.7) =(8,0) = = (N(s) + B(s)) T(s 
(2 2(8,0) = (0) + BO) +76), 


are called T N-Smarandache ruled surface, T B-Smarandache ruled surface, and N B- 
Smarandache ruled surface, respectively. 


The Laplacian operator A on a surface is defined by 
1 6) , O 
2.8 A= -— —( ed —), 
(2.8) i 2 Da, \V99 Sos 


where (g;;) is the first fundamental form matrix, the matrix (g’) is the inverse of 
(giz) and g denotes the determinant of (g;;). 
The Gauss map of a surface X = X(s,v) in E® is defined by 


Xa X Xy 
2.9 G Sa, 
( ) (s, v) |X. x XI 
where X, = = and X, = — are partial derivatives. The relationship between 


the mean curvature vector H and the position vector field X of the surface X(s. v) 
in E® is 


(2.10) AX =-2H, 
where 
(2.11) H =4HG, 


and H denotes the mean curvature of the surface. From (2.10), we obtain the 
following: A surface X(s,v) in E? is a minimal surface if and only if [11] 


(2.12) AX =0. 
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3. Developable TN-Smarandache ruled surfaces with pointwise 1-Type 
Gauss map in E? 


In this section, we study the developable TN-Smarandache ruled surface with 
a harmonic Gauss map and a pointwise 1-type Gauss map of the first kind. The 
T.N-Smarandache ruled surface x(s,v), as given by (2.5) is developable if and only 
if a(s) is a plane curve, i.e., 7 = 0 [16]. 

Using (2.9), the Gauss map G of the developable TN-Smarandache ruled surface 
x(s,v) is given by 


(3.1) Glee} (re) +N(s)). 
We have 
32) gm=@,,2,)=F, go=(y, 5.) =0, gn = (ey, 2) =, 
922 = (Lv, Lv) = Gi ht. 
Using (2.8) and (3.2), the Laplacian operator A on the developable TN-Smarandache 


ruled surface x(s,v) is computed as: 
-k'd 12 o? 
: = —|——— + --5 +k |. 
ie a= leat iat aal 
Using (3.1) and (3.3), we obtain 


(3.4) AG= 5 (rts) + N(s)). 


Now, we have: 


Theorem 3.1. Every developable TN-Smarandache ruled surface x(s,v) has a 
pointwise 1-type Gauss map of the first kind . 


Theorem 3.2. There does not exist a developable TN-Smarandache ruled surface 
x(s,v) with a harmonic Gauss map. 


Proof. From (3.4), we have T(s) and N(s), which are nonzero unit orthonormal 
vectors. We also know that the sum of two orthonormal vectors cannot be zero. 
This implies AG 40. O 


Theorem 3.3. Every developable TN-Smarandache ruled surface x(s,v) satisfies 
the relation Ax =G and has a non-zero constant mean curvature. 
Proof. Using (2.5), the partial derivatives of x(s,v) are as follows: 
k 
3.5 x, = —(N(s) -7(s)), ty = B(s), ty =0, 
(3.5) s= 5 (s) — T(s) (s) 


he 2 S(# +) T(s) + eld ~ k) N(s). 
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Using (2.5), (3.3), and (3.5), the Laplacian operator A of the developable TN- 
Smarandache ruled surface x(s,v) is computed as 


(3.6) Aur on * (T(s) +N(s)). 


From (3.1) and (3.6), we obtain 
(3.7) Az=G. 


Using the relations (2.10), (2.11), and (3.7), we find that the mean curvature H 
of the developable TN-Smarandache ruled surface x(s, v) is 


(3.8) H=—>. 


which completes the proof of the theorem. 0 


4, Developable TB-Smarandache ruled surfaces with pointwise 1-type 
Gauss map in E? 


In this section, we study the developable TB-Smarandache ruled surface with 
a harmonic Gauss map and a pointwise 1-type Gauss map of the first kind. The 
TB-Smarandache ruled surface as given by (2.6) is always developable [16]. 

Using (2.9), the Gauss map G of a developable T B-Smarandache ruled surface 


TT(s) + kB(s) 
4.1 ga TEs) + kB(s) 
— Jere 

Then, we have 
kT-7TrB 
(4.2) Gs = ne Gy = Gsy = Guy = 0, 
Gas = ce eof [en N orth), 
Ti 


‘ ! 
ke 
where g = (73) (¥ 


Also, we have 


(4.3) gir = (Ys, Ys) = ie 


k-T 
2 +0°(k +7), 912 = (Ys: Yo) = ya” 
) 


k-T 
ga = (Yu; Ys) = Vg? 92= {Gus Yo) = 1, g=v"(k* +17). 
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Using (2.8) and (4.3), the Laplacian operator A on the developable TB-Smara- 
ndache ruled surface y(s,v) is found as 


(44) A=-yp (vs _ Grak \- aa ano — V2u(k-7); = | 


aa 


5 +025] 


vos 


1 
wy SO 
[y2(k2 + 72)’ 


_fvu(+r?) (k-r)vs YW =1) | (eat? 


a3 = > ((x — 1)? + Qu?(k? + 7). 


Using (4.1), (4.2), and (4.4), we find 


+ ct a Toc gh aft\" 21. 
(4.5) AG = ss | ask—g?r)T +k (=) N+(ast -g k) BI, 
where 


kk'+ tr’ (k-7T) 
ae olga hte ). 


Now, we have: 


Theorem 4.1. Leta(s) be a unit-speed space curve with the Frenet frame (T,N,B). 
Then, every developable TB-Smarandache ruled surface satisfying (1.4) of the first 
kind must have a harmonic Gauss map if and only if the curve a(s) is a heliz. 


Proof. Let y(s,v) be a developable TB-Smarandache ruled surface satisfying (1.4) 
of the first kind, ie, AG = f(G+C), and 


(4.6) C=0. 


From (1.4) and (4.5), the following holds on y/(s, v): 


i (agk + g? p(agkt+g°r) | a 
-(¢. sy- (2) 
(4.9) ay = (C, B) = =< “wear #8 = rh : 


iV +P) Jerre 
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Using (4.7), (4.8) and (4.9), we can express C as 

(4.10) C=a5sT+agN+a7B. 
Using (4.6) and (4.10), we obtain 

(4.11) a5 =ag=a7=0. 


And ag = 0 gives 


T\! 
4. —) = 
(4.12) ( r) 0. 

Using (4.7), (4.8), (4.9) and (4.12) in (4.11), we obtain 
(4.13) @g=0, f=0. 


From (4.12) and (4.13), we obtain that the developable TB—Smarandache ruled 
surface that satisfies (1.4) of the first kind has a harmonic Gauss map with a curve 
a(s) as a helix. 


Conversely, if the space curve a(s) is a helix, then by the property of a helix, 
we have 


T\! 
(4.14) (7) =f, 
Using (4.14) in (4.5), we get AG = 0. Hence, the proof is complete. O 


Theorem 4.2. Let a(s) be a unit-speed plane curve with nonzero curvature and 
with Frenet frame (T, N, B). Then, every developable TB-Smarandache ruled sur- 
face y(s.v) has a harmonic Gauss map. 


Proof. Let a(s) be a plane curve with k 4 0. Since the curve lies on the osculating 
plane, we have binormal B, which is a constant. 

As B is a constant, we have up. = 0 which implies 7 = |43| = 0 at all points of 
the curve. Putting r = 0 in (4.1), we obtain 
(4.15) G=B. 

Using (4.15) in (4.5), we obtain AG=0. O 


Now, using theorems 4.1 and 4.2, we have 


Corollary 4.1. Let y(s,v) be the developable TB-Smarandache ruled surface. Then, 
the following are equivalent: 

(i) the curve a(s) is either a helix or a plane curve 

(it) y(s,v) has a harmonic Gauss map 

(iii) y(s,v) is a harmonic surface 

(iv) y(s,v) is minimal. 
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Proof. We have two cases: 

Case 1. Let the curve a(s) be a helix. Then, using Theorem 4.1, we obtain 
(ii). 

Using (2.6), we find the partial derivative of y(s,v) as follows: 


Yo = 0k T(s) + (T2) N(s) + v7 Bls), yo = N(s), tow = 0. 


V2 


(4.16) Ysy = —kT(s)+7B(s), Yos= = 


kr 
VE 
—v(k? +77)) N(s) + (% 


vk ) T(s)+ 


k! / 
(a- v2 v2 5 
Using (4.4) and (4.16), the Laplacian of y(s,v) is 


+T ‘v) B(s). 


—h? 


(4.17) Ay = aaa 


(7 (T+ kB). 


Using (4.14) in (4.17), we obtain (722), i-e., 
(4.18) Ay = 0. 
From (4.18), we obtain (<v). 


Case 2. Let a(s) be a plane curve. Then, using Theorem 4.2, we obtain (77). 
Using 7 = 0 in (4.16), we obtain 


(4.19) ys =—vkT(s) + = N(0) yy =N(s), Ysv = —kT(s), 
You =0,  Yss = (= - vk’) T(s) + (=z - ve) N(s). 


Now, using 7 = 0 in (4.4), we find 


—k' bole (1 a V2 0 


1 
(4.20) A=-—7[(Sa+aa)aet*(t- ae) deo 
10 k(1+2v?) | 
vk Os? Qu (Ou? l 


Using (4.19) and (4.20), the Laplacian of y(s, v) is 
(4.21) Ay = 0. 


From (4.21), we obtain (iii). Then, from (iii), we obtain (7v). 
Hence, the proof is complete. O 
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Theorem 4.3. Every developable TB-Smarandache ruled surface satisfies the re- 
lation Ay = —gWG, and has mean curvature H = %. 


Proof. Using (2.6) and (4.4), we obtain the Laplacian operator A of the developable 
TB-Smarandache ruled surface y(s,v) as 


(rT +kB) 


4.22 Cee Mi ee 
(4.22) Y= 90 as 


Using (4.1) and (4.22), we obtain 


(4.23) Ay=—9gvG. 


Using the relations (2.10), (2.11), and (4.23), we find that the mean curvature 
of the developable TB-Smarandache ruled surface y(s,v) is H = &. 


Thus, the proof is complete. 0 


5. Developable N B-Smarandache ruled surface with pointwise 1-type 
Gauss map in E® 


In this section, we study the developable N B-Smarandache ruled surface with 
a harmonic Gauss map and a pointwise 1-type Gauss map of the first kind. The 
NB-Smarandache ruled surface, as given by (2.7) is developable if and only if a(s) 
is a plane curve, i.e., 7 = 0 [16]. 

Using (2.9), the Gauss map of the developable N B-Smarandache ruled surface 
z(s,v) is computed as 


(5.1) G(s,v) = —B(s). 


Also, we have 


(5.2) = ( ) - (vk)? ( )=-—e 

5.2 Zs, 23) = — +(vk)’, =(2,, By) = : 
gu 9 gi2 v2 
gai = (%v; 2s) = wae = (Ze 2y) =1, g= (vk)?. 


Using (2.8) and (5.2), the Laplacian operator A on the N B-Smarandache ruled 
surface z(s,v) is 


= _p ‘ ; Jt & 
63) 4=2[(S-aa)et- galt Same 
12 71, \@ 

raat lg tpl 


Now, we have 


Pointwise 1-Type Gauss Map of Developable Smarandache Ruled Surfaces in E2751 


Theorem 5.1. Let z(s,v) be the developable NB-Smarandache ruled surface. Then 
we have the following: 


(i) z(s,v) has a harmonic Gauss map 
(ii) z(s,v) is a harmonic surface 
(iit) z(s,v) is minimal. 
Proof. Using (5.1), we have 
(5.4) G; = Gi = Gav = Gss = Guu =, 


Using (5.3) and (5.4), we find that the Laplacian operator A of the Gauss map of 
the developable N B—Smarandache ruled surface is 


(5.5) AG=0. 


By taking partial derivatives of (2.7) with respect to s and v, we obtain 
—T(s) 

v2 
k! 


2y=0, = (3 +0 i?) T(s)+ (= 4: vk’) N(s). 


Using (5.3) and (5.6), the Laplacian operator A of the developable N B-Smarandache 
ruled surface z(s,v) is 


(5.6) a k( + vN(s)), Sj =T (8), Se = RNs), 


(5.7) Az=0. 


Using (5.5) and (5.7), the developable N B-Smarandache ruled surface is har- 
monic, minimal, and has a harmonic Gauss map. 0 


6. Conclusions 


On the basis of equation (1.4), we have drawn the following conclusions about 
developable Smarandache ruled surface in E? as follows: 


1. Every developable T N-Smarandache ruled surface and N B-Smarandache ruled 
surface satisfy (1.4) of the first kind with f = 1 and f = 0, respectively. 


2. The developable TN-Smarandache ruled surface has constant mean curvature 
and does not admit a harmonic Gauss map. 


3. The developable N B-Smarandache ruled surface is always plane, minimal, 
and has a harmonic Gauss map. 


4. The developable TB-Smarandache ruled surface satisfying (1.4) of the first 
kind has a harmonic Gauss map and is minimal if and only if the curve a(s) 
is either a plane curve with non-zero curvature or a helix. 
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7. Examples 
Example 7.1. Let ai(s) be a regular unit-speed plane curve given by 


infed = (at) cisabolele’), ala) stnlelalell, 0), 


where a(s) = € + 1) and has curvature k(s) = SOR 


Fic. 7.1: Curve a1(s) with s € [7/4, a]. 


The Frenet-Serret frame of a;(s) are as follows: 


f(s) = = ( — sin In[a(s)] + cos Infa(s)], cos n[a(s)] + sin In[a(s)], 0), 
(7.1) N(s) = 5 ( — cos In{a(s)] — sin In[a(s)], — sin In[a(s)] + cos In[a(s)). 0). 


B(s) = (0, 0. 1), 
1. The TN-Smarandache ruled surface according to (7.1) is 
x(s,v) = (—sin In{a(s)], cos In[a(s)], v). 
Now, we have 


(7.2) tis (—cosIn[a(s)], —sin Infa(s)], 0), a. = (0, 01). 


1 
- V2a(s) 
Putting (7.2) in (2.9), the Gauss map G of x(s,v) is computed as 
(7.3) G(s, v) = (- sin In[a(s)], cos In[a(s)], 0). 


In addition, from (3.2), we obtain 


1 1 
(7.4) n= Pals)?’ g2= 92 =0, ge=l1, g= Pals)?" 


Pointwise 1-Type Gauss Map of Developable Smarandache Ruled Surfaces in E? 7! 


FIG. 7.2: TN-Smarandache ruled surface x(s,v) with s € [7/2,57/2],v € [0, 1]. 


Using (2.8), the Laplacian operator on «(s, v) is 


(7.5) A=—VSals) E + Viale) = | 


s Os? 


Using (7.3) and (7.5), we obtain 
(7.6) AG= (- sin In[a(s)}, cos In[a(s)], 0). 


From (7.3) and (7.6), we obtain 
(at) AG=G. 
Thus, x(s, v) satisfies (1.4) of the first kind. 


2. The NB-Smarandache ruled surface according to (7.1) is 


te, ai) - (cos infie(s} (SF - °) —staibaladell (+ + v), tonite! (= + v) 
oeelaletell (= je v) 1) 
Nowe, wee lives 
% = oe ( = sinlinfitell (= + ») = ieeddatell i= i r), 
(7.8) cositnfals}| (5 5 ») ~sinitea(e)) (+ + v), 0), 


+ (cos In{a(s)] — sin In[a(s)]. sin In{a(s)] + cos In[a(s)], 0). 


v2 


zy = 
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Z-axis 
t = 
ee a a a | 


Fic. 7.3: NB-Smarandache ruled surface x(s,v) with s € [7/4,7], v € [1,6]. 


Using (7.8) in (2.9), we find that the Gauss map of z(s,v) as 
(7.9) G = —(0, 0, 1). 

Since G is constant, we get 
(7.10) AG =0. 

Thus, z(s,v) has a harmonic Gauss map. 


3. The TB-Smarandache ruled surface according to (7.1) is given by 


y(s,v) = = ( — sin In{a(s)] (<3 + v) + cos In[a(s)] (= a °) , sin In{a(s)] (= ~ °) 
+ cos Infa(e)] (= + °). 1). 


Now, we have 


Ys = Fai) ( — cos In{a(s)] (= + v) — sin In[a(s)] (= _ v), 


(G-11) cos In{a(s)] (; - v) — sin In{a(s)] (= + v), 0) 
Yu = i sin In[a(s)] — cos In[a(s)], — sin m[a(s)] + cos ln[a(s)], 0). 


Using (7.11) in (2.9), the Gauss map G of y(s, v) is computed as 
(7.12) G = (0, 0, 1). 
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Fic. 7.4: TB-Smarandache ruled surface x(s,v) with s € [7,47], v € [1,6]. 


Since G is constant, we get 


(7.13) AG=0. 


Thus, y(s,v) has a harmonic Gauss map. 


Example 7.2. Let a2(s) be a regular unit-speed helix given by 


_ 1 (sin(v2s) —cos(V2s) 
ol) = (Me): 


0.5 
GS 


y-axis 05 05 


Fic. 7.5: Curve a(s) with s € [V27,20 27]. 
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The Frenet-Serret frame of the curve a2(s) is given by 


T(s) = a (cos(v2s), sin(V2s), 1), 


(7.14) N(s) = ( — sin(V/2s), cos(V2s), 0), 


Bits) = * ( — con(s/3e), —sin(«/s), 1). 


The TB-Smarandache ruled surface y(s,v) according to (7.14) is given by 


y(s,v) = (—v sin(V2s), v cos(V2s), 1). 


Fic. 7.6: TB-Smarandache ruled surface with s € [m, 37], v € [0, 1]. 


Using (2.9), its Gauss map is computed as 
(7.15) G = (0, 0, 1). 
Since G is constant, we get 
(7.16) AG=0. 


This implies that the TB-Smarandache ruled surface has a harmonic Gauss map with 
a curve a(s) helix. 


Remark 7.1. We now show that a non-helical space curve does not admit (1.4) of the 
first kind. The non-helical space curve in E? given by 


a3(s) = (= sin V3s cos s + sins cos V3s, = cos V3s cos s + sins sin V3s, a cos s). 


with curvature k = 2 coss and torsion T = V2 sins. 


Pointwise 1-Type Gauss Map of Developable Smarandache Ruled Surfaces in E® 


Fic. 7.7: Curve a3(s) with s € [0, 47]. 


The Frenet-Serret frame of a3(s) is given by 
a al — V¥3cos s cos V3s — sins sin /3s, —V3 sin V3s cos s 
+sins cos V3s, V2 sin s), 
1 : 
(7.17) N= 3 (v2 sin V3s, —V2 cos V3s, 1), 
1 


B= a ( — sin V3s coss + V3 sins cos 73s, cos s cos V3s + 


V3 sins sin V3s, V2 cos s). 
The TB-Smarandache ruled surface according to (7.17) is 
y(s,v) = = (v3.4%s) cos(V3s) — sin(V3s) (sin s + cos s — 2v), V3 A(s) sin(V3s) 
+ cos(V3s) (sin s + cos s — 2v), V2 (sins + coss + »)) 5 


where A(s) = —coss+sins. 


Now, we have 


1 ey a 
= mil — 2 sin(V3s) A(s) + 2V3v cos(V3s), 2 cos(V3s) A(s) 


(7.18) +2V3v sin(V3s), —V2 A(s)), 
ws te | Be ia 
Yo = Je (2 sin(V3s), —2 cos(V3s). v3), 


Using (7.18) in (2.9), we obtain 


si — cos s), — 
(7.19) G= Sz ( sin(v35), (v3s), v3). 
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Fic. 7.8: TB-Smarandache ruled surface of Example 6.2 with s € [0,27] and v € 
[0,27] . 


From (4.3), we have 
(7.20) gu = A(s)?+2v?, giz =—A(s), g21=—A(s), goo = 1. 


Using (4.4), (7.19) and (7.20), we obtain 


AG= =< je — v3 sin(v3s), saa + V3 cos(v3s), 0), 


~ 22 


which can be written in the form of 


(7.21) AG = gh (Ae cootvSe), Ae) stv) V6) + 3c. 


202 a 


Froin (7.21), we can say that the developable TB-Smarandache ruled surface «(s,v) 
does not satisfy (1.4) since AG 4 f G. 


REFERENCES 


1. P. ALEGRE, K. ArSLAN, A. CaRRIAZO, C. E. MuRATHAN and G. OzTirK: Some 
special types of developable ruled surface, Hacet. J. Math. Stat., 39(3) (2010), 319—325. 


2. A. T. ALI: Special Smarandache curves in the Euclidean space, International J. Math. 
Combin., 2(2010), 30-36. 

3. C. ASHBACHER: Smarandache geometries, Smarandache Notions Journal, 8(1- 
3)(1997), 212-215. 


4, C. Barkoussis, B. Y. CHEN and L. VERSTRAELEN: Ruled surfaces and tubes with 
finite type Gauss map, Tokyo J. Math., 16(2)(1993), 341--349. 


5. 


6. 


“I 


Pointwise 1-Type Gauss Map of Developable Smarandache Ruled Surfaces in E® 759 


J. L. M. Barbosa and A. G. CoLaREs: Minimal surfaces in R?, Springer-Verlag 
Berlin heidelberg, 1986. 


O. BEKTAS and S. YUCE: Special Smarandache curves according to Darboux frame in 
Euclidean 3-space, Rom. J. Math. Comput. Sci., 3(1)(2012), 48—59. 


. M. Cetin, Y. TuNCER and M. K. Karacan: Smarandache curves according to Bishop 


frame in Euclidean 3-space, Gen. math. notes, 20(2)(2014), 50—66. 


. B. Y. CHEN: Finite type submanifolds and generalizations, University of Rome, Rome. 


1985. 


. B. Y. CHEN and P. PICCINI: Submanifolds with finite type Gauss map, Bull. Austral. 


Math. Soc., 35(2)(1987), 161—186. 


. B. Y. CHEN, M. Cuor and Y. H. Kim: Surfaces of revolution with pointwise 1-type 


Gauss map, J. Korean Math. Soc., 42(3) (2005), 447—455. 


. B. Y. CHEN: Total mean curvature and submanifolds of finite type. 2nd Edition, World 


Scientific, Hackensack, NJ, 2014. 


. M. Cuor and Y. H. Kim: Characterization of the helicoid as ruled surfaces with 


pointwise 1-type Gauss map, Bull. Korean Math Soc., 38(4)(2001), 753-761. 


. M. Cuol, Y. H. Kim and D. W. Yoon: Classification of ruled surfaces with pointwise 


1-type Gauss map, Taiwan. J. Math., 14(4)(2010), 1297-1308. 


. M. P. Do Carmo : Differential Geometry of Curves and Surfaces, Prentice Hall, 


Englewood Cliffs, NJ, 1976. 


. Y. H. Kim and D. W. Yoon: Ruled surfaces with pointwise 1-type Gauss map, J. 


Geom. Phys., 34(3-4)(2000), 191--205. 


. S. OUARAB: Smarandache ruled surfaces according to Frenet-Serret frame of a regular 


curve in E?, Abstr. Appl. Anal., vol. 2021, Article ID 5526536, 2021, 8 pages. 


. B. RAVANI and J. W. WANG: Computer aided geometric design of line constructs, 


ASME J. Mech. Des., 113(4)(1991), 363-371. 


. S. SENYURT, D. CANLI and E. CAN: Some special Smarandache ruled surfaces by 


Frenet Frame in E® -I, Turkish Journal of Science, 7(1)(2022), 31-42. 


. E. M. SOLOUMA and W. M. MAHMouD: On spacelike equiform Bishop Smarandache 


curves on Si, J. Egypt. Math. Soc., 27(7)(2019), 1-17. 


. S. TAMTA and R. S. Gupta: Spherical Indicatriz of a new approach to Bertrand 


curves in Euclidean 3-space, Kyungpook Math. J., 63(2) (2023), 263-285. 


. S. TAMTA and R. S. Gupra: New parametrization of Bertrand partner D-curves in 


E*, Bol. Soc. Paran. Mat., (in press). 


. M. TurcuT and 8.YILMAZ: Smarandache curves in Minkowski space-time, Interna- 


tional J. Math. Combin., 3(2008), 51-55. 


. M. YANG and E. LEE: NC verification for wire-EDM using an R-map, Comput. Aided 


Des., 28(9) (1996), 733-740. 


